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Abstract: The backscattering from partially water-filled cylindrical shells has been studied 
using finite element (FE) analysis and experimental measurements for low to medium 
frequencies, corresponding to 2 < ka < 30 (where a is the shell outer radius).  For a 
partially-filled shell, filled to three quarters of the inner diameter, backscattering has been 
investigated numerically as a function of the elevation angle of the incident wave, and in 
particular as the wave direction changes from horizontal to vertical.  Comparisons with fully 
air-filled and fully water-filled shells indicate that the shell resembles the former when the 
wave is incident from above and the latter when the wave is incident horizontally.  The 
experiments were performed in a reservoir, using horizontal incidence and wideband Ricker 
pulses generated by a parametric array.  The short duration of the Ricker pulses made it 
possible to observe a number of returns after the specular return for a shell with a high 
filling fraction; these included contributions due to S0 waves generated at the front and back 
walls of the shell, and the back wall return.  Inversion of the FE model data enabled the 
expected waveforms to be predicted; the measurements were in very good agreement with the 
predictions. 
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1. INTRODUCTION 
Considerable attention has been given to the scattering from regular structures in the form 
of solid cylinders and spheres, as well as cylindrical and spherical shells.  Real structures are 
typically more complex and can be expected to display more complex behaviour.  One simple 
way of breaking the symmetry is to consider a partially-filled cylindrical shell.  This has been 
 investigated theoretically for the case of vertical incidence for a spherical shell by Fawcett [1] 
and by the authors [2] for horizontal incidence.  In this investigation the backscattered field 
has been studied as a function of both elevation angle and filling fraction. The geometry of 
the problem is shown in Fig. 1 with the elevation angle θi indicated.  In the absence of a 
closed form analytical solution to the scattering problem for an arbitrary elevation angle a 
finite element approach has been used for the theoretical predictions.  Numerically we have 
only considered the case of broadside incidence on a shell of infinite length.  
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Fig. 1: Geometry of backscattering from a partially water filled cylindrical shell. 
 
Three different sized shells were used in this study (see Table 1).  The first one (shell A) is 
a stainless steel shell with an outer radius of a = 0.0223 m and inner radius to outer radius 
ratio b/a = 0.983.  This shell has been studied extensively in the past [2].  Shell B is a mild 
steel shell with an outer radius of a = 0.36 m and inner radius of b = 0.356 m.  Shell C has an 
outer radius of a = 0.28 m and inner radius of b = 0.276 m and was used in the experiments.  
The filling fraction is given by the ratio h/2b. 
A commercial finite element (FE) and boundary element (BE) software package, PAFEC 
[3], was used to predict the scattering from cylindrical shells in an unbounded water medium.  
To simplify the problem, only an infinite shell was considered. This allowed a huge reduction 
in the computational time as the problem was only 2-D. Where possible the results were 
compared with a normal mode analytical solution and previous experimental measurements 
[2].  The water level inside the shells was varied from zero to completely full.  Form 
functions for backscattering were obtained for various filling fractions and elevations (θi) 
with respect to the x-axis of the incident wave. 
Experimental measurements were carried out on shell C under open water conditions at 
the NPL Wraysbury reservoir facility [4].  The experimental samples were of finite length; 
shell C had a total length of 1.4 m including two hemispherical end caps.  
 
 Material Outer radius 
a (m) 
Inner radius 
b (m) 
Density 
(kg/m3) 
Young’s 
Modulus 
(N/ m2) 
Poisson’s 
Ratio 
 
Shell A Stainless steel 0.022225 0.021845 7700 210×109 0.29 
Shell B Mild steel 0.36 0.356 7800 209×109 0.3 
Shell C Mild steel 0.28 0.276 7800 209×109 0.3 
Table 1: Parameters of cylindrical shells. 
 2. NUMERICAL RESULTS 
2.1. As a function of water level 
The effect of the filling fraction on backscattering was examined for shell A for horizontal 
incidence (θi = 0).  Fig. 2 shows the form function for 5 different water heights inside the 
shell from completely empty to completely full.  The backscattering is very sensitive to the 
water level inside the shell with the response close to that for an air-filled shell (Fig. 2(a)) 
when there is little water inside the shell but starts to deviate significantly from this once the 
filling fraction reaches 0.5. 
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Fig. 2: Form functions for shell A for horizontal incidence and  increasing  water height h; 
results are shown for water heights of (a) 0 mm, (b) 10 mm, (c) 22 mm (half-filled), 
(d) 30 mm and (e) fully-filled. 
2.2. As a function of elevation angle 
The back scattering from a partially filled shell is elevation angle dependent. To illustrate 
the variation of the form function with elevation angle results were calculated for shell B for 
a filling fraction of 0.78.  The incident wave direction is indicated in each of the form 
functions in Fig. 3 by an arrow; the increment is 45 degrees.  In order to provide an improved 
understanding of the results obtained, the form functions for an air-filled and water-filled 
shell B, calculated using both PAFEC and the normal mode solution are also plotted at the 
 top of the left-hand and right-hand columns respectively.  The very good agreement between 
the two calculation approaches should be noted.  
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Fig. 3: Form function vs ka for an empty shell (left top), a water-filled shell (right top), and a 
partially water-filled shell B (with a filling fraction of 0.78) as a function of elevation angle 
θi.  Results are shown for θi = 90 and 45 (left column) and θi =  0, -45 and  -90  (right 
column).   
 
When the wave is incident from above the form function is similar to that for an air-filled 
shell.  The form function for an elevation angle of 45 still has the general pattern of an air-
filled shell with pronounced resonance dips due to the S0 wave.  The more rapid fluctuations 
for ka > 15 indicate the presence of contributions from returns with longer time delays than 
the s0 wave.  For horizontal incidence and θi = -45 the response resembles that from a fully 
water filled shell with more rapid fluctuations in the form function amplitude.  For incidence 
from below (θi = -90) the form function amplitude is higher for ka > 5 due to the reflection 
from the plane water-air interface.  This phenomenon has also been observed for a partially 
filled spherical shell [1].  
2.3. Sensitivity to water filling fraction 
Calculations have also been performed for a range of high water filling fractions in order 
to investigate the sensitivity of the form function, and any resulting periodicity, to small 
 changes in the filling fraction.  The predicted form functions obtained using FE calculations 
with PAFEC are shown in the Fig. 4 with shell C for θi = 0.  There are noticeable differences 
between the results for 45 cm and 49 cm throughout the frequency range.  The largest 
differences between the results for the fully-filled and the partially-filled shells occur at the 
lowest frequencies where the partially filled shells generate a stronger return.  It is clear that 
there are periodic patterns for all the cases shown in Fig. 4.   
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Fig. 4:  Form functions of partially and fully-filled cylindrical shell C for internal water 
heights of 45 and 49 cm corresponding to filling fractions of 0.81 and 0.89. 
3. EXPERIMENTAL RESULTS 
It is interesting to investigate the origins of the pronounced features, and in particular the 
apparent periodicities, in the form functions.   A periodicity in the form function can be 
attributed to delayed echoes in the time domain.  Hence, in order to understand the form 
function behaviour it is useful to consider the time domain response of the target.  An 
experiment was carried out to measure backscattering from shell C using a parametric array 
source.  The wall thickness of shell C was selected to allow the excitation of the A0- wave by 
the primary frequencies generated by the array.  The form functions for shell C for air and 
water filling are shown in Fig. 5(a).  It can be seen from the air-filled case that the S0 wave 
gives significant effects at frequencies below 30 kHz while the A0- wave makes a significant 
contribution at frequencies above 55 kHz.  The form function of the water-filled shell is much 
more complicated due to multiple backscattered returns. 
The complex form function predictions have been used to estimate the corresponding 
scattered waveforms. In order to achieve this each form function was weighted with the 
spectrum of the experimental signal and the resulting data inverse Fourier transformed. Fig. 5 
shows the predicted waveforms for an air-filled and water-filled shell, and that measured for 
the partially-filled shell.  One can see that only the first A0- wave is visible following the 
strong specular return at the primary frequency for the air-filled shell, while there is a 
periodical pattern of S0 waves at the secondary frequency range.  Two groups of primary 
waves are visible after the specular return for the water-filled shell.  The first consists of the 
A0 wave and the first back wall reflection, while the second is mainly due the second bounce 
between the front and back walls of the shell.  The more complex structure of the secondary 
frequency waveform will be considered later.  The measured waveforms are closer to the 
water-filled predictions, as expected.  
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Fig. 5: (a): Predicted form functions for an air-filled and water-filled shell C. (b) and (c): 
Predicted time wave forms for air-filled and water-filled shells respectively. (d):  Measured 
waveform for partially filled shell.  In (b) – (d) the upper waveform is the response for the 
primary pulse centred at 75 kHz and the lower waveform the response for a 0.1 ms Ricker 
secondary pulse. 
 
Fig. 6 shows examples of calculated backscattered signals for a 0.1 ms Ricker pulse for 
air-filled and fully water-filled shells, as well as the measured signal for a partially water-
filled shell.   The first arrival is the specular reflection from the front of the shell and these 
look similar, with the air-filled shell giving a larger signal than the water-filled shell.  There 
is a regular sequence of pulses with reducing amplitude after the main peak of the specular 
return in the air-filled case.  The first four pulses are indicated in the figure; these are the 
result of energy coupling into the S0 wave in the shell.  The first two pulses due to the S0 
wave can also be identified in the fully and partially water-filled shell results as they occur at 
the same times.  For these calculations the scattered spectrum was limited to 20 kHz before 
inversion; this gives rise to small Gibbs oscillations before the main arrival.  
The received signal from a partially water-filled cylindrical shell for broadside incidence 
and a 0.1 ms Ricker pulse is compared with numerical predictions in Fig. 7.  The predicted 
result was obtained using PAFEC calculations for an infinite long cylindrical shell of mild 
steel while the measured results were for a target 1.4 m in overall length.  The water height 
inside the shell was 45.4 cm. 
The measured waveform is similar to the predicted waveform especially around the main 
peaks.  The small differences in the timing of the peaks may be due to discrepancies between 
the parameters used in the PAFEC calculations and the actual values for the experimental 
target.  There are a number waves that can be identified in the received signal.  The first S0 
wave is indicted in the figure.  One interesting feature in the signal appears to be due to 
excitation of an S0 wave at the back wall of the shell.  The resulting S0 wave propagates half 
 way round the shell before reradiating back towards the source.  A strong back wall reflection 
is also observed for the partially filled shell.  This occurs at a delay of 0.8 ms and appears to 
be responsible for the main periodicity in the form function.  The speed of sound of the S0 
wave for a mild steel shell with wall thickness of 4 mm in a vacuum is 5426 ms-1 at the 
frequency of interest.  Due to the high impedance contrast the water loading will not alter this 
speed significantly.   Under these conditions the S0 wave is excited for an angle of incidence 
(to the surface normal) of 15.8º.  The time delay of the S0 wave excited at the back wall can 
be estimated as 0.54 ms in good agreement with the results shown in Fig. 7. 
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Fig. 6: Scattered signal for an incident 0.1 ms Ricker pulse for air-filled and water-filled 
cylindrical shells (modelled) and a partially water-filled shell with a filling fraction of 0.82 
(measured). 
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Fig. 7: Measured (blue solid line) and predicted (red dashed line) backscattered signals for a 
partially water-filled shell and an incident 0.1 ms Ricker pulse. 
Having identified the pulses in the received signal, it is useful to examine the effect of 
water level inside the shell on the time domain signal.  For the case of the 0.1 ms Ricker 
pulse measured in the experiment the resulting scattered waveforms can be predicted from 
the form functions calculated using PAFEC; the resulting waveforms are shown in Fig. 8.  
The results show that the specular reflection is almost independent of the water level inside 
the shell, as are the front and the back coupled S0 waves.  The back reflection varies a lot 
more in comparison.  
It is very interesting to compare these results with those for the half water-filled case.  
Here the specular reflection is larger.  The first S0 wave contribution from the front wall is 
also larger, but the first S0 wave from the back wall is smaller.  The reduction of the first S0 
wave from in the back wall may be due to the fact that only the bottom half of the shell is 
penetrated by incoming wave, so only half the wave energy is coupled into the shell 
 compared with what happens for the higher water levels.  There is almost no clear back wall 
reflection with the half-filled shell.  This may be due to the free water surface reducing the 
level of this contribution, as this wave has to propagate parallel to the water surface which 
will act as a pressure release surface. 
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Fig. 8:  Simulated received signals from the shell for various water levels and a 0.1 ms Ricker 
pulse. 
4. SUMMARY 
The back scattering from partially water-filled cylindrical shells as a function of the filling 
fraction and incident angle has been investigated using numerical methods and experimental 
measurements. The detail analysis of the scattered signal has identified the most significant 
contributors of the echo structure. 
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